Many of the hadron-hadron cross sections required for the study of the dynamics of matter produced in relativistic heavy-ion collisions can be calculated using the quark-interchange model. Here we evaluate the low-energy dissociation cross sections of J/ψ, ψ ′ , χ, Υ, and Υ ′ in collision with π, ρ, and K, which are important for the interpretation of heavy-quarkonium suppression as a signature for the quark gluon plasma. These comover dissociation processes also contribute to heavy-quarkonium suppression, and must be understood and incorporated in simulations of heavy-ion collisions before QGP formation can be established through this signature.
I. INTRODUCTION
found that the dissociation cross sections of J/ψ by π and ρ are rather small; both are ≈ 0.2-0.3 mb at √ s = 4 GeV. Including form factors (arbitrarily chosen to be Gaussians with a width set to 1.5 GeV) would reduce these cross sections by an order of magnitude.
Haglin obtained a very different result, with much larger cross sections, by treating the D and D * mesons as non-Abelian gauge bosons in a minimally coupled Yang-Mills meson Lagrangian. Form factors were also introduced in these calculations [25] [26] [27] . The resulting mb-scale cross sections are very sensitive to the choice of form factors. Charmonium dissociation by nucleons has also been considered recently using a similar effective Lagrangian formulation [28] . Of course the use of a Yang-Mills Lagrangian for charmed mesons has no a priori justification, so this crucial initial assumption made in these references requires independent confirmation. The assumption of the t-channel exchange of a heavy meson such as a D or D * between a hadron and a J/ψ is also difficult to justify physically, because the range of these exchanges (1/M ≈ 0.1 fm) is much smaller than the physical extent of the initial hadron and the J/ψ.
Charmonium dissociation processes can undoubtedly be described in terms of interquark interactions, as we attempt in this paper. Since these reactions are of greatest phenomenological interest at energy scales in the resonance region, we advocate the use of the known quark forces to obtain the underlying scattering amplitudes from explicit nonrelativistic quark model hadron wavefunctions of the initial and final mesons.
Martins, Blaschke, and Quack [20] previously reported dissociation cross section calculations using essentially the same approach we describe here. The short-distance interaction used by these authors in particular is quite similar to the form we employ. For the confining interaction, however, they used a simplified color-independent Gaussian potential between quark-antiquark pairs, rather than the now well-established linear λ(i) · λ(j) form. They found a rather large π+J/ψ dissociation cross section, which reached a maximum of about 7 mb at a center-of-mass kinetic energy E KE of about 0.85 GeV. Although our approach is very similar to that of Martins et al., our final numerical results differ significantly, due mainly to our different treatments of the confining interaction.
In this paper we use the approach discussed above to evaluate the dissociation cross sections of J/ψ, ψ ′ , χ, Υ, and Υ by π, ρ, and K, and compare our results to other theoretical cross sections reported in the literature. The dissociation cross sections of χ J mesons are of special interest, as about 1/3 of the J/ψ mesons produced in a high-energy nucleon-nucleon collision come from the decay of χ states [31] . The dissociation cross sections for Υ are also interesting and they have recently been estimated to be quite small in an effectiveLagrangian meson exchange model because of large thresholds for the dissociation of Υ by both π and ρ [32] .
We employ the Barnes-Swanson quark-interchange model [33, 34] to evaluate these dissociation cross sections in terms of wavefunctions and interactions at the quark level. We use the nonrelativistic quark potential model and its interquark Hamiltonian to describe the underlying quark-gluon forces. The model parameters and quark masses are determined by the meson spectrum, so there is little additional freedom in determining scattering amplitudes and cross sections. We thus implicitly incorporate the successes of the quark model in describing the meson spectrum and many static and dynamical properties of hadrons. We proceed by calculating the scattering amplitude for a given process at Born order in the interquark Hamiltonian; the good agreement of this approach with experimental scattering data on many low-energy reactions [33] [34] [35] [36] provides strong motivation for the application of this approach to hadron reactions in relativistic heavy-ion collisions. A brief summary of the present work has been reported previously [21] . This paper is organized as follows. In Section II we summarize the Barnes-Swanson model of quark interchange as applied to the calculations of the dissociation cross sections. The reaction matrix can be described in terms of the "prior" or "post" diagrams, which are discussed in Section III. Section IV gives some details of the evaluation of the spin and spatial matrix elements for the general meson-meson scattering problem. In Section V the spin matrix elements are derived explicitly in terms of 9-j symbols. The evaluation of spatial overlap integrals for the case of all S-wave mesons is discussed in Section VI. In Section VII, we evaluate the corresponding overlap integrals for one P -wave meson. An accurate determination of these matrix elements requires correspondingly accurate bound state wavefunctions; the evaluation of these wavefunctions is discussed in Section VIII. The numerical agreement between the post and prior scattering formalisms is demonstrated explicitly in Section IX, which provides a very nontrivial check of the accuracy and internal consistency of our calculations. Section X presents our results for the dissociation cross section of J/ψ and ψ ′ in collision with various light mesons, and Section XI gives the corresponding cross sections for the dissociation of Υ and Υ ′ . Section XII present results for the dissociation of P -wave charmonium states, the χ J mesons, in collision with π, ρ, and K. Finally, we present conclusions in Section XIII.
II. THE MODEL
We shall briefly summarize the model of Barnes 
where A, B, C, and D aremesons, and 1, 3, and 2, 4 label the quark and antiquark constituents respectively. In this meson-meson scattering problem the scattering amplitude in the "prior formalism" is the sum of the four quark-line diagrams of Fig. 1 . These are evaluated as overlap integrals of quark model wavefunctions using the "Feynman rules" given in App. C of Ref. [33] . This method has previously been applied successfully to the closely related no-annihilation scattering channels I = 2 ππ [33] , I = 3/2 Kπ [35] , I = {0, 1} S-wave KN scattering [36] , and the short-range repulsive NN interaction [37] .
The interaction H ij (r ij ) between the pair of constituents i and j is represented by the curly line in Fig. 1 and is taken to be
where α s is the strong coupling constant, b is the string tension, m i and m j are the masses of the interacting constituents, σ is the range parameter in the hyperfine spin-spin interaction, and V con is a constant. For an antiquark, the generator λ/2 is replaced by −λ T /2. It is convenient to introduce V ij (r ij ) to denote the quantity in curly brackets in Eq. (2) so that we can write H ij (r ij ) in the form
The Born-order T -matrix element T f i is proportional to the matrix elements h f i of this residual interaction (as defined in Ref. [33] ). For each of the scattering diagrams of Fig. 1 , h ij and T ij are given as the product of four factors,
The overall sign S is a fermion-permutation phase known as the "signature" of the diagram, which is equal to (−1) Nx , where N x is the number of fermion line crossings. (S = −1 for the diagrams in Fig. 1 .) The flavor matrix element I flavor is the overlap of the initial and final flavor wavefunctions. In all the processes considered in this paper, I flavor is equal to 1 for all diagrams. The color matrix element I color is −4/9 for diagrams C1 and C2 of Fig. 1 , and is +4/9 for diagrams T1 and T2. The spatial and spin matrix element I spin−space is the matrix element of V ij , and can in general be written as a sum of products of a spin matrix element I spin times a spatial matrix elements I space . The spin matrix element I spin involves Clebsch-Gordon coefficients and the spins of the colliding particles and is tabulated for all cases of S-wave mesons in [33] . An explicit closed-form expression for this I spin in terms of Wigner's 9j symbols will be given in Section V. The evaluation of the spatial matrix element I space will be discussed in detail in Sections VI and VII.
For the reaction A + B → C + D, with an invariant momentum transfer t
the differential cross section is given by
where the matrix element M f i is related to T f i by
In Eqs. (6) and (7), p A and E A are the momentum and the energy of meson A in the center-of-mass system. The total cross section for the reaction A + B → C + D can be obtained from dσ f i /dt by integrating over t.
III. POST AND PRIOR DESCRIPTIONS
Before proceeding to our results, we note that a well-known "post-prior" ambiguity arises in the calculation of bound state scattering amplitudes involving rearrangement collisions [39] . Since the Hamiltonian which describes the scattering process AB → CD can be separated into an unperturbed Hamiltonian and a residual interaction in two ways, H = H (0)
there is an ambiguity in the choice of V AB or V CD as the residual interaction. The first version gives the "prior" diagrams of Fig. 1 , in which the interaction occurs before constituent interchange. The second choice is the "post" formalism in which the interaction occurs after constituent interchange, as in the diagrams of One may prove in the context of non-relativistic quantum mechanics that the 'prior' and 'post' diagrams give the same scattering amplitude and hence the same cross section, provided that exact bound state wavefunctions of the various {H (0) } are used for the external states [39] . (This is discussed in detail and is demonstrated numerically in Ref. [34] for ππ → ρρ scattering.) A consistent calculation thus leads to description-identical results for the scattering amplitude in non-relativistic quantum mechanics. We shall confirm the "prior-post" equivalence numerically in our non-relativistic calculations of the J/ψ and ψ ′ dissociation cross sections.
IV. EVALUATION OF THE MATRIX ELEMENT I spin−space
For the processes considered here, it suffices to treat reactions of the form A(12) + B(34) → C(14) + D(32), in which constituents (antiquarks) 2 and 4 are interchanged, as depicted in Figs. 1 and 2 . We denote the total angular momentum, the orbital angular momentum, and the spin of meson a (a = A, B, C, and D) by J a , L a , and S a respectively, with the associated spatial wavefunction Φ a and spin wavefunction χ a .
The quantity I spin−space is the matrix element of V ij (r ij ) between the initial and final meson states. The interaction V ij (r ij ) is the spin and spatial part of H ij (Eqs. (2) and (3)), and it consists of the sum
where the superscripts (i) represent the color-Coulomb, linear, and spin-spin interactions respectively. Specifically, v r can be determined from Eqs. (2) and (3). For the scattering problem the sum of the amplitudes of all diagrams arising from the constant term V con is zero, so we do not need to include V con in deriving scattering amplitudes and matrix elements.
The matrix element I spin−space is therefore the sum of three terms, each of which is of the form
≡ |Ψ
JJz in of mesons A(12) and B(34) can be written as [40] 
The above result shows that I spin−space is in general a sum of products of a spatial matrix element
and a spin matrix element
For our interaction, the spin matrix element
S Sz is diagonal in S and S z , and is independent of S z , as shown in the next section.
In this paper, we shall specialize to the cases in which mesons B, C and D are all S-wave mesons with
where
For the collision of unpolarized mesons, we can calculate the square of the matrix element, |I space−spin | 2 , average it over the initial states, and sum it over the final states. The result is
The summation over S z can be carried out and the summation over J z can be converted to a summation over M A . We then obtain
From the relation between the matrix element of V ij (r ij ) and the cross section, the above result leads to the following "unpolarized" cross section for the collision of unpolarized mesons,
where σ(L A M A SS z ) is the cross section for the initial meson system to have a total internal orbital angular momentum L A and total spin S with azimuthal components M A and S z respectively. For our interaction of Eq. (2), σ(L A M A SS z ) is independent of S z , and thus the label S z can be omitted. We can write out the results for other simple unpolarized cases. If L A = 0 and S B = 0, then S = S A and the result of Eq. (15) becomes
If L A = 0 and S B = 0, then the result of Eq. (15) is
where σ(S) is the cross section when the initial two-meson system has a total spin S.
V. EVALUATION OF THE SPIN MATRIX ELEMENT
We denote the spins of the constituents in the scattering process A (12) 
The phase factor (−1) S B −s 4 −s 3 arises from an interchange of spins in the Clebsch-Gordon coefficients,
The matrix element of the spin unit operator v s = 1 is then given by
The matrix element of the operator v s = s i · s j can be derived similarly. For diagrams C1 and C2, the matrix element is given by
The values of i, j, and S ij for diagrams C1 and C2 are listed in Table I . Table I . The values of i, j, and S ij in Eq. (21) .
The matrix element of v s = s i ·s j for diagrams T1 and T2 is somewhat more complicated, and can be shown to be
where i=1 and j=3 for diagram T1, and i=2 and j=4 for diagram T2. The quantities S 13 and S 24 span the full allowed range in this summation. Eqs. (20), (21), and (22) give the general results for the spin matrix element I spin of the unit operator and the s i · s j operator in a rearrangement collision. Our results agree with the explicit coefficients given in Table I of Barnes and Swanson [33] .
VI. EVALUATION OF THE SPATIAL MATRIX ELEMENT
In the quark-interchange reaction of Eq. (1), the masses of the quarks and antiquarks are different in general. Previously, meson scattering calculations with unequal masses using this approach had been discussed in detail in coordinate space [34] . Here we give the corresponding momentum space results for general quark and antiquark masses.
The spatial matrix element in Eq. (11) is
For the four diagrams in the reaction A + B → C + D, the spatial matrix element
can be written in the form
Here the momentum arguments are shown explicitly, and the angular momentum quantum numbers L i and M i for each meson are implicit. The quantity ζ = ±1 is an overall sign which depends on the diagram (see Table II ). The quantity V (q), where q = κ − κ ′ , is the Fourier transform of the interaction V ij (r ij ) [the spin and spatial part of H ij (r ij ) in Eq. (3)],
The momenta κ is the initial three-momenta of the scattered constituent that is initially in meson A and κ ′ is its final three-momenta. The variables {k i , (i = A, B, C, D)} are either κ or κ ′ depending on the diagram, as specified in Table II . We shall use the bold-faced symbols A, B, C, and D to represent the momenta of A, B, C, and D respectively. For simplicity we shall treat the scattering problem in the center-of-mass frame, so that B=−A and D=−C. The quantity {K i } is a function of A, C, and the mass parameter f i , which is a function of the quark and antiquark masses in meson i. The function Table II . For diagrams T1 and T2, the post and prior variables are identical and so do not need to be tabulated separately. Table II . Diagram-dependent momentum arguments in post and prior formalisms.
The mass parameter f i is unity for mesons with equal quark and antiquark masses. For unequal masses, the {f i } are tabulated in Table III in terms of
The { f i } are the same in post and prior formalisms. 
To evaluate the spatial overlap integrals, we expand each meson wavefunction Φ(2p) as a linear combination of (nonorthogonal) Gaussian basis functions φ n (2p) of different widths as
which leads to the normalization constant
We also normalize the meson wavefunction Φ(2p) according to dp |Φ(2p)
which implies a constraint on the coefficients {a n }.
We shall first present our results for the spatial matrix element Eq. (25) for the case of all S-wave mesons, each with a single Gaussian wavefunction of the type of Eq. (29),
where λ i = 1/4nβ 2 and
The product of wavefunctions in Eq. (25) is explicitly
The argument of the exponential, from the product of the four meson wavefunctions, is a function of k i = {κ, κ ′ } and the quantities {K i }. It can also be written as a function of p = (κ + κ ′ )/2 and q = κ ′ − κ. In terms of p and q, the {k i } are given by
where η i is
Using Eq. (36) and completing the square in the exponential, we obtain
where the quantities p 0 , q 0 , µ, and ν are defined below. The shift p 0 is
where r 0 and s 0 are
The quantity µ in Eq. (38) is
the shift q 0 is
and ν is
The product of wavefunctions in Eq. (25) can therefore be written in a shifted Gaussian form,
The spatial matrix element of Eq. (25) then becomes
The integration over p can be carried out analytically, which gives dp dq
Thus, the six-dimensional integral of Eq. (46) is simplified to a three-dimensional integral involving an integration over V (q).
The interaction V (q), which we take from the standard quark model V ij (r), is the sum of Fourier transforms of color-Coulomb, spin-spin contact, linear confinement and constant terms. The sum of all diagrams arising from the constant term is zero for the scattering problem, so we do not need to include V con in deriving scattering amplitudes.
For the remaining three interactions, we have (using some integrals of Ref. [38] )
and dq e
where V lin (q) = (−3/4) dr e −iq·r br. These results allow one to evaluate the transition matrix elements T f i explicitly for the different interactions in diagrams C1, C2, T1, and T2 for the case of Gaussian meson wavefunctions.
The wavefunctions we employ here are in general sums of Gaussians of different widths (Eq. (28)). Eq. (25) can be evaluated in that case as well, so that the spatial matrix element Eq. (25) becomes
I space (n A , n B , n C , n C ) is the previous result of Eq. (25) for a single component wavefunction. The overlap integral in the multicomponent case is simply a sum of single-component contributions, each weighed by a coefficient product a n A a n B a n C a n D .
After the matrix elements for the interaction (2) are evaluated, the cross section for the process A + B → C + D can then be obtained using conventional scattering theory, as discussed in Section II.
VII. EVALUATION OF THE SPATIAL MATRIX ELEMENT FOR AN L = 1 MESON
In the last section, we considered the scattering of S-wave (L = 0) mesons. Here we generalize to collisions in which a P -wave (L = 1) meson A collides with an S-wave meson B, and scatter into two S-wave mesons C and D.
First we consider single-component Gaussian wavefunctions. (The results can be easily generalized to multicomponent Gaussian wavefunctions.) Eq. (25) becomes
It then suffices to evaluate
We can express 2κ − f A A in terms of p and q;
Substituting Eq. (39) into this result, we find
The integral of p − p 0 gives zero. The integration over the last three terms can be carried out in the same way as in the L A = 0 case, because q 0 , s 0 and A are independent of the integration variables. It is thus only necessary to evaluate the integral dp dq
The dq integrals for the various potentials have already been obtained in closed form, and the differentiation with respect to q 0k is straightforward. We then find
and
The scattering amplitude T f i and cross section σ f i for the dissociation of a P -wave meson through an SP → SS reaction will subsequently be evaluated using these results.
VIII. MESON WAVE FUNCTIONS
In nonrelativistic reaction theory, the equality of the scattering amplitude for rearrangement reactions in post and prior formalisms follows if and only if the two-body interaction used in evaluating the scattering matrix elements is identical to the interaction that generates the bound state wavefunctions. If this is not the case, the post and prior scattering amplitudes will differ. It is therefore especially important to determine accurate bound state wavefunctions in evaluating scattering amplitudes. For this purpose, we will first search for a set of interaction Hamiltonian parameters that fit the known meson spectrum with reasonable accuracy. This interaction and the associated bound state wavefunctions will be used in our subsequent reaction calculations.
For a bound state of quark i and antiquark j of momentum p i and p j and reduced momentum p,
the Hamiltonian is
where µ is the reduced mass m i m j /(m i + m j ), and V (r) is the quark-antiquark interaction, (see H ij of Eq. (2)),
For a quark and antiquark in a color-singlet hadron, the matrix element of −λ(i) · λ T (j)/4 is the familiar color factor C f = −4/3.
For given orbital angular momentum quantum numbers l and m, the eigenstate Φ(2p) of this Hamiltonian can be represented as the expansion in Eq. (28) in the set of (nonorthogonal) Gaussian basis states {φ n } of Eq. (29) with expansion coefficients {a n }. The eigenvalue equation HΦ = EΦ then becomes the matrix equation
where a is a column matrix with elements {a 1 , a 2 , ..., a N }, B is the symmetric matrix
and H is the Hamiltonian matrix
which is the sum of the kinetic energy matrix T ij T ij = dp φ *
and the potential matrix V ij
whereφ i (r) is the Fourier transform of φ i (2p),
Evaluation of the potential matrix elements for the color-Coulomb interaction gives
For the linear interaction we similarly find
and for the spin-spin interaction we find
Given these Hamiltonian matrix elements, the eigenvalues and eigenvectors can be obtained from the eigenvalue equation (65). In our numerical calculations we used a six-component (N = 6) space of Gaussian basis functions. For this study we assumed a running coupling constant combined with an otherwise fairly conventional quark model parameter set, given by
, 
We identified the scale Q 2 in the running coupling constant with the square of the invariant mass of the interacting constituents, Q 2 = s ij . This set of parameters leads to a meson spectrum which is reasonably close to experiment (see Fig. 3 ); the theoretical masses and wavefunctions are given in Appendix A. The parameter set used earlier in [21] is similar to this set but it has a fixed strong coupling constant. An alternative set of quark model parameters, without a running coupling constant, was used for comparison. This second set was α s = 0.594, b = 0.162 GeV 2 , σ = 0.897 GeV, m u = m d = 0.335 GeV, and m c = 1.6 GeV, and a flavor-dependent V con .
Having obtained the set of coefficients {a n } for each initial and final meson, we can proceed to the calculation of the scattering amplitudes T f i and the dissociation cross sections σ f i . Some explanation of the evaluation of our (somewhat arbitrary
For simplicity, we assume that the momentum fraction carried by a constituent is proportional to its rest mass, which is exact in the weak binding limit;
Assuming also that constituents a and b are on mass shell, their momenta are [2] :
and the invariant mass of a and b is then given by
We identify this with the argument Q 2 of the running coupling constant α s (Q 2 ) in Eq. (74). In Fig. 4 we show a test of the accuracy of this scattering model with experimental data in an analogous low-energy reaction, I = 2 ππ scattering. The prediction for the dominant S-wave phase shift is shown together with the data of Hoogland et al. [41] . Note that this is not a fit; all the parameters are determined by meson spectroscopy, which fixes the interquark forces and wavefunctions that are then used to calculate the meson-meson scattering amplitude. Fig. 1 shows the 'prior' meson-meson scattering diagrams, in which the interactions occur before constituent interchange. There is a corresponding 'post' set of diagrams, in which the interactions occur after constituent interchange, as shown in Fig. 2 . As we noted earlier, these are equivalent descriptions of the transition matrix element, and should give identical cross sections.
IX. A TEST OF 'POST-PRIOR' EQUIVALENCE IN π+J/ψ DISSOCIATION
In nonrelativistic scattering theory the post and prior results can be formally proven to be equivalent, so that the two theoretical cross sections are indeed identical. This proof requires that the interaction V used to determine the external meson wavefunctions be identical to the interaction used in the evaluation of the scattering amplitude. Numerical confirmation of this post-prior equivalence constitutes a very nontrivial test of the accuracy of the numerical procedures used both in determining the bound state wavefunction and in evaluating the complete meson-meson scattering amplitude. This post-prior equivalence was discussed in detail and demonstrated numerically by Swanson for ππ → ρρ scattering in Ref. [34] , where its relevance to establishing Hermitian effective scattering potentials was shown.
To test post-prior equivalence in our J/ψ dissociation calculations (in the nonrelativistic formalism), we have carried out the evaluation of the cross section using both post and prior formalisms. Of necessity we assumed nonrelativistic kinematics and theoretical masses to determine the external meson momenta |A| and |C|, which appear in the overlap integrals. The post-prior equivalence holds if the coupling constant does not depend on energy. We are well advised to use a set of parameters with a fixed running coupling constant α s for this test. We used therefore the parameter set [21] α s = 0.58, b = 0.18 GeV 2 , σ=0.897 GeV, m u,d = 0.345 GeV, m c = 1.931 GeV, and V con = −0.612 GeV, which are close to standard values and were chosen because they reproduce the physical masses of the π, D, D * , J/ψ and ψ ′ rather well. Fig. 5a shows the dissociation cross sections for π+ψ collisions as a function of the initial kinetic energy E KE measured in the center-of-mass frame, defined as E KE = √ s − m A − m B where m A and m B are the masses of the incident mesons. The differences between the post and prior results in Fig. 5a are indeed rather small, which confirms postprior equivalence assuming non-relativistic dynamics. (The residual discrepancy is mainly due to our use of a truncated basis in expanding the meson wavefunctions.) Fig. 5b shows the corresponding results for π+ψ ′ dissociation. In this case there is greater sensitivity to the approximate ψ ′ wavefunction, due to large cancellations in the numerical integration of a radially-excited wavefunction. In the comparisons shown in Fig. 5 we have used theoretical masses for the mesons; the proof of post-prior equivalence makes use of the theoretical bound-state masses from the Schrödinger equation with the given potential, rather than the experimental ones. Our theoretical masses are close to experiment but are not exact, as is evident in Fig. 3 . If one instead assumes experimental values for the meson masses, there will be additional post-prior discrepancies in our cross section calculations. In our subsequent cross section calculations we do assume experimental masses in order to reproduce correct thresholds; the consequence is a systematic uncertainty in the cross sections which may be estimated by comparing post and prior predictions.
It should be noted that 'post-prior equivalence' had only been proven for bound-state scattering in non-relativistic quantum mechanics [39] . Recently an extension of this proof to scattering in a relativistic generalization of quantum mechanics was given by Wong and Crater [42] , using Dirac's constraint dynamics. A full relativistic treatment of this problem will involve the derivation of relativistic two-body wavefunctions and Wigner spin rotations, which is beyond the scope of the present investigation. We will adopt an intermediate approach and assume relativistic kinematics for the initial and final mesons and use relativistic phase space; in consequence we find different 'post' and 'prior' cross sections in general. Here we will take the mean value of the 'post' and 'prior' results as our estimated cross section, separate 'post' and 'prior' cross sections will be shown as an indication of our systematic uncertainty.
X. CROSS SECTIONS FOR J/ψ AND ψ ′ DISSOCIATION
Depending on the incident energies, dissociation of the J/ψ and ψ ′ by pions can lead to many different exclusive final states. There are several selection rules that eliminate or suppress many of the a priori possible final channels, given our simple quark-model Hamiltonian and Born-order scattering amplitudes. Considerable simplification follows from the fact that our model Hamiltonian conserves total spin S tot . Since the J/ψ and ψ ′ have S = 1 and pions have S = 0, the initial and final states in π+J/ψ and π+ψ ′ collisions must both have S tot = 1; this forbids DD final states. With increasing invariant mass we next encounter the final states DD * , D * D and D * D * . In Fig. 6 we show the exclusive dissociation cross sections for π+J/ψ and π+ψ ′ collisions into these first few allowed final states. The total dissociation cross section, which is the sum of the exclusive cross sections, is shown as a solid line. Our estimate is the mean of the total 'post' and 'prior' cross sections, which are also shown in Fig. 6 . The estimated range of uncertainty, due to the post-prior discrepancy and to parameter variations, is shown as a shaded band.
The J/ψ dissociation processes π+J/ψ → D * D or DD * have a threshold of about E KE =0.65 GeV and the total dissociation cross section reaches approximately 1 mb not far above threshold (Fig. 6a) . This π + J/ψ cross section is considerably smaller than the peak value of about 7 mb found by Martins et al., largely due to their assumption of a color-independent confining interaction.
The threshold for π + ψ ′ → DD * + D * D is only about E KE = 0.05 GeV, and in consequence the ψ ′ cross sections are much larger near threshold. The total π+ψ ′ dissociation cross section has maxima of ≈ 4.2(0.5) mb and ≈ 2.8(0.5) mb at E KE ≈ 0.1 GeV and ≈ 0.22 GeV respectively (Fig. 6b) . It is interesting that the exclusive ψ ′ dissociation cross sections are very small near E KE = 0. (Fig. 6a ) and π+ψ ′ (Fig. 6b) . In each panel the solid curve gives our estimated total cross section, which is the mean of the 'prior' and 'post' results.
The relative importance of the various terms in the Hamiltonian in these dissociation amplitudes is of course a very interesting question. Unfortunately it is also somewhat ambiguous, because the individual terms differ between post and prior formalisms; only the sum of all terms is formalism independent in non-relativistic quantum mechanics. We find that the spin-spin interaction makes the dominant contribution to π+J/ψ dissociation in the prior formalism; π+ψ ′ dissociation in contrast is dominated by the linear confining interaction. In the post formalism we find that both π+J/ψ and π+ψ ′ are dominated by the spin-spin interaction. In all these cases the color-Coulomb contribution is subdominant.
Our results have interesting consequences for the survival of J/ψ and ψ ′ mesons propagating in a gas of pions. The pions produced in a heavy ion collision have a roughly thermal distribution, with T ≈ 200 MeV in the nucleus-nucleus center-of-mass system, whereas heavy quarkonia such as the J/ψ and ψ ′ are produced approximately at rest. Thus the relative kinetic energy is typically a few hundred MeV. This is below the π+J/ψ dissociation threshold, but above that of π+ψ ′ , and in consequence we expect π+ψ ′ collisions to deplete the ψ ′ population much more effectively than π+J/ψ collisions reduce the initial J/ψ population. The weakness of π+J/ψ dissociation is further reduced by the small cross section we find for the π+J/ψ relative to π+ψ ′ . Next we consider the very interesting exothermic collisions of charmonia with light vector mesons, specifically ρ+J/ψ and ρ+ψ ′ . Since the ρ meson has S = 1, the total spin of the ρ + {J/ψ or ψ ′ } system can be S tot = {0, 1, and 2}. This S tot is conserved in our model, and so must agree with the S tot of the final state. The low-lying open charm final states are DD with S tot = 0, DD * and D * D with S tot = 1, and D * D * with S tot = {0, 1, and 2}. The contribution of transitions to radially-and orbitally-excited final states will be considered in future work [43] . The total unpolarized dissociation cross sections are shown as the solid curves for ρ+J/ψ in Fig. 7a and for ρ+ψ ′ in Fig.  7b . Unpolarized exclusive dissociation cross sections σ unpol f (S tot ) for different final states and different S tot are also shown.
In the collision of an unpolarized ρ with an unpolarized J/ψ, the total dissociation cross section comprises of contributions σ unpol f (S tot ) from different final states f and different total spin values S tot of the system,
where for this case with L A = 0 and S B = S ρ = 0 we can deduce from Eq. (17) the following relationship
and σ f (S tot ) is the dissociation cross section for the final state f when the initial twomeson system is prepared with a total spin S tot . [In our earlier work [21] for ρ + J/ψ and ρ + ψ ′ collisions, σ f (S tot ) results were presented and the total cross section of σ tot = f Stot σ(S tot ) was evaluated. However, for the collision of unpolarized mesons, one should use the unpolarized total dissociation cross section as given by Eqs. (80) and (81).].
The unpolarized total ρ + J/ψ dissociation cross section are shown in Fig. 7a . The exclusive cross sections σ unpol f (S tot ) for dissociating into various final states in an unpolarized collision are also exhibited. The reaction ρ + J/ψ → DD is exothermic, so the cross section σ unpol DD (S tot = 0) diverges as 1/ √ E KE as we approach threshold. For other ρ + J/ψ exclusive final states the thresholds lie at sufficiently higher energies to be endothermic. We find an unpolarized total ρ + J/ψ dissociation cross section of 2.4(0.4) mb at E KE = 0.1 GeV, which has decreased to about 1.9 mb at E KE = 0.2 GeV. At very low kinetic energies, the contribution to the dissociation of J/ψ by ρ comes from the DD(S tot = 0) final state. At slightly higher energy, it comes mainly from DD * and D * D (S tot = 1) final states. At E KE about 0.2 GeV, it comes dominantly from the D * D * (S tot = 2) final state. We have carried out similar calculations for ρ + ψ ′ collisions, and the results are shown in In ρ+J/ψ dissociation the dominant scattering contribution in the prior formalism is due to the linear interaction. In the post formalism the dominant contribution arises from the color-Coulomb and linear interactions at energies E KE < 0.1 GeV, from color-Coulomb at 0.1 GeV< E KE <0.4 GeV, and from the spin-spin interaction at E KE > 0.4 GeV.
We turn next to the dissociation of J/ψ and ψ ′ in collision with K. Our predictions for K + J/ψ and K + ψ ′ dissociation cross sections are shown in Fig. 8 . The K + J/ψ process has a threshold kinetic energy of about 0.4 GeV, and the maximum cross section is about 0.7 mb. In K+ψ ′ dissociation the reactions are exothermic for the allowed final states
The total K+ψ ′ dissociation cross section, shown in Fig. 8b , is about 1 mb at E KE ∼ 0.4 GeV, and also diverges as 1/ √ E KE as we approach threshold. ′ dissociation in collision with π, ρ, and K need to confront experimental data through an examination of their implications on J/ψ and ψ ′ suppression in high-energy heavy-ion collisions. The extent to which the observed anomalous suppression in Pb+Pb collisions is due to the dissociation J/ψ by π, ρ, and K will require further quantitative study. J/ψ suppression by these mesons must be incorporated and subtracted in order to identify the suppression of J/ψ production by the quark-gluon plasma. It is therefore important to carry out a detailed simulation of J/ψ absorption using cross sections obtained here in order to understand the nature of J/ψ suppression in Pb+Pb collisions and to provide a test of the theoretical J/ψ dissociation cross sections.
XI. CROSS SECTIONS FOR Υ AND Υ ′ DISSOCIATION.
It has been noted that the suppression of the production rates of bb mesons, such as the Υ and Υ ′ , may also be useful as a signal for QGP production (see Ref. [32] and references cited therein). It is of interest to calculate the Υ and Υ ′ dissociation cross section in collisions with π, ρ, and K so as to infer the effects of Υ and Υ ′ suppression by hadronic produced particles. We show in Fig. 9a the total cross section for the dissociation of the Υ in collision with π. The threshold is at E KE ∼ 1 GeV, and the maximum cross section is about 0.05 mb. The small cross section arises from the combined effects of a large threshold and a small value of the strong interaction coupling constant. We show the dissociation cross section for Υ ′ in collision with π in Fig. 9b . It has a threshold of E KE ∼ 0.45 GeV, and the peak cross section is about 5 mb at E KE ∼ 0.55 GeV. This dissociation cross section is much larger than that for the dissociation of Υ by π.
In Fig. 10a we show the unpolarized cross section for the dissociation of Υ in collision with ρ. Unpolarized exclusive dissociation cross sections σ unpol f (S tot ) for different final states and different S tot are also shown. The reaction process is endothermic with a threshold at E KE ∼ 0.3 GeV and a peak cross section of 0.15 mb at E KE ∼ 0.45 GeV. In Fig. 10b we show the dissociation cross section for Υ ′ in collision with ρ. The reactions are exothermic and the total dissociation cross section behaves as 1/ √ E KE near E KE ∼ 0 and decreases to about 1.6 mb at E KE ∼ 0.2 GeV. (Fig.  10a ) and ρ + Υ ′ (Fig. 10b) for various channels and total spin S tot . Note that Figs. 10a and 10b have different scales.
In Fig. 11a we show the cross section for the dissociation of Υ by K. The threshold is at E KE ∼ 0.75 GeV, with a peak total cross section of about 0.05 mb at E KE ∼ 0.85 GeV. We show in Fig. 11b the dissociation cross section of Υ ′ by K. The threshold is at E KE ∼ 0.2 GeV, with a peak total cross section of about 2 mb at E KE ∼ 0.25 GeV. (Fig. 11a ) and K + Υ ′ (Fig. 11b) 
XII. CROSS SECTIONS FOR χ J DISSOCIATION
We can calculate the dissociation cross sections of χ J mesons in collision with π, ρ, and K using the quark-interchange model. A χ J meson has a spin quantum number S = 1 and a π has S = 0. The collision of a χ J with a π gives rise to a system with a total spin S tot = 1. On the other hand, the interaction of Eq. (2), which leads to the dissociation, conserves the total spin. Therefore the lowest-energy final states are DD * , D * D , and D * D * . We show the results for the dissociation cross sections of unpolarized χ J in collision with π in Fig. 12 . The unpolarized dissociation cross sections for the final states of DD * and D * D * are shown as the dotted and the dashed-dot curves respectively. The unpolarized total cross sections for scattering into these lowest channels are shown as the solid curve obtained as the mean value of the total cross section from the 'prior' and 'post' formalisms. The estimated systematic uncertainty in the total cross section due to the post-prior discrepancy is again indicated as a band in the figure. The dissociation of χ 0 by π has a threshold of E KE ∼ 0.32 GeV and a peak cross section of 1.53 mb at E KE ∼ 0.5 GeV (Fig. 12a) . The dissociation of χ 1 by π has a threshold of E KE ∼ 0.23 GeV and a peak dissociation cross section of 2.41 mb at E KE ∼ 0.46 GeV (Fig. 12b) . The dissociation of χ 2 by π has a threshold of E KE ∼ 0.18 GeV and a peak dissociation cross section of about 2.98 mb at E KE ∼ 0.41 GeV (Fig. 12c) . It is interesting to note that the maximum of the unpolarized total dissociation cross section for π + χ 2 is only slightly greater than that for π + χ 1 but is nearly twice as great as the maximum of the dissociation cross section for π +χ 0 . This indicates that the dissociation of χ J is very sensitive to the threshold value. We found numerically that if the threshold value for π + χ 0 were taken to be the same as the threshold value for π + χ 2 , the unpolarized dissociation cross sections would be the same.
The dissociation amplitudes of the χ JJz mesons in collision with pions depend on J z . A detailed discussion of the dissociation cross section for various J and J z substates will be presented in [43] . The dependence on J z is however quite weak. For the same value of J, dissociation cross sections of χ JJz in collision with π vary only by a few percent for different
The thresholds for π + χ J dissociation lie in between those of π + J/ψ and π + ψ ′ , and the maxima of the total dissociation cross sections for the π + χ J collisions are greater than that for the π + J/ψ collision but less than for the π + ψ ′ collision. 
where for this case with L A = 1 and S B = 1, σ unpol f (S tot ) is more complicated than the expression of Eq. (81) for L A = 0 and S B = 1. It can be determined from Eq. (15) and is given by
where σ(L A M A SS z ) is the cross section for the initial meson system to have a total internal orbital angular momentum L A with azimuthal components M A and total spin S. We show in Fig. 13 the unpolarized total dissociation cross section for ρ + χ 0 in Fig. 13a , ρ + χ 1 in Fig. 13b , and ρ + χ 2 in Fig. 13c . The exclusive cross section σ unpol f (S tot ) for different final states and S tot are also shown. The dissociation of χ J in collision with ρ is exothermic. The dissociation cross sections have the common features that they diverge as 1/ √ E KE near E KE ∼ 0 and decreases monotonically as E KE increases. The dominant contribution to the dissociation cross sections comes from the D * D * (S tot = 2) final state. The unpolarized total dissociation cross section for ρ + χ 0 at E KE = 0.05, 0.1, and 0.15 GeV are 8.0 mb, 3.5 mb, and 1.6 mb respectively (Fig. 13a) . The unpolarized total dissociation cross section for ρ + χ 1 at E KE = 0.05, 0.1, and 0.15 GeV are 5.5 mb, 2.0 mb, and 0.8 mb respectively (Fig.  13b) . The unpolarized total dissociation cross section for ρ + χ 2 at E KE = 0.05, 0.1, and 0.15 GeV are 4.3 mb, 1.5 mb, and 0.5 mb respectively (Fig. 13c) . Thus, for the same kinetic energy E KE , σ
We show in Fig. 14 the unpolarized dissociation cross section of χ J in collision with K. The lowest-energy final states are D sD * , D * sD , and D * sD * . For the dissociation of χ 0 in collision with K, the reaction has a threshold at 0.07 GeV. The total dissociation cross section rises from the threshold to a maximum cross section of 1.7 mb at 0.27 GeV (Fig.  14a) . For the dissociation of χ 1 and χ 2 in collision with K, the reactions K + χ 1 and K + χ 2 are exothermic for the final states of D sD * and D * sD . The total dissociation cross sections of χ 1 and χ 2 in collision with K behave as 1/ √ E KE near E KE ∼ 0 but decrease very rapidly as E KE increases. These cross sections then maintain a relatively constant value up to E KE ∼ 0.2 GeV before decreasing at higher kinetic energies. 
XIII. DISCUSSION AND CONCLUSIONS
We have used the Barnes-Swanson quark-interchange model, with parameters taken from fits to meson spectroscopy, to evaluate the low-energy cross sections for the dissociation of the J/ψ, ψ ′ , χ, Υ, and Υ ′ in collision with π, ρ and K. The cross sections obtained here should be useful as estimates of the importance of "comover" scattering in suppressing heavyquarkonium production, which is of considerable interest in the search for the quark-gluon plasma.
Our results show that the cross section for the dissociation of J/ψ by π occurs at a relatively high threshold, and the peak total cross section is about 1 mb. In contrast, the cross section for the dissociation of ψ ′ by π occurs at a low threshold and the cross section is much larger. We have also evaluated the corresponding cross section for the dissociation by ρ. This process is exothermic, and has a large total dissociation cross section that diverges at threshold.
We previously noted that our π+J/ψ cross section is considerably smaller than the estimate of Ref. [20] , although we use a similar approach. There are several differences between the two approaches which lead to this discrepancy. First, Martins et al. assumed that the confining interaction is an attractive Gaussian potential which acts only between quark-antiquark pairs. The neglect of the quark-quark and antiquark-antiquark confining interaction amounts to discarding the transfer diagrams (T1 and T2) for the confining potential. Since we find that the transfer and capture diagram confinement contributions are similar in magnitude but opposite in sign (due to color matrix elements), the confining interaction assumed by Martins et al. did not incorporate this important destructive interference. Second, their use of a Gaussian, rather than the usual linear confining potential, obviously leads to quantitatively different cross sections.
The destructive interference between transfer and capture diagrams with spinindependent forces (color-Coulomb and confinement) has been noted previously. (See, for example, Refs. [33, 34] and references cited in [37] .) This interference explains the wellknown spin-spin hyperfine dominance in light hadron scattering in channels such as I = 2 ππ, and the core NN interaction. With heavy quarks, however, the hyperfine interaction contribution is smaller due to the large charm quark mass; for this reason we included the color-Coulomb and confining interactions in our analysis. Our results indicates that the spin-spin, the linear interaction, and the color-Coulomb interactions all give important contributions to the dissociation cross sections.
It is of interest to compare our results of the dissociation cross section with those obtained in the meson exchange model with effective Lagrangians [24] [25] [26] [27] . In the effective Lagrangian approach, the dissociation cross section increases with energy, as expected for the t-channel exchange of a spin-one particle. For example in Ref. [26] the dissociation cross section is about 30 mb for π + J/ψ → D +D * and about 80 mb for π + Υ → B +B * , at 1 GeV above the threshold. These large cross sections continue to increase with increasing energy. In contrast, in our quark models calculation using the Barnes-Swanson model, we find very small cross sections this far above threshold for π + J/ψ → D +D * and π + Υ → B +B * . The predicated peak cross section for π + J/ψ → D +D * is about 0.5 mb and occurs at about 0.05 GeV from the threshold. The predicted peak cross section for π + Υ → B +B * is even smaller (about 0.03 mb), and it occurs at about 0.02 GeV from the threshold. These cross sections decrease rapidly at higher energies. Thus, the large cross sections obtained in the effective Lagrangian approach differ by orders of magnitude from the quark model results obtained here. We believe that the large increase in these dissociation cross sections predicted by the effective Lagrangian meson exchange models at high energies is unrealistic, since the momentum distributions of the boosted final and the initial states have little overlap at high energies.
As the effective Lagrangian approach does not contain information about the internal structure of the interacting hadrons, phenomenological form factors have been introduced to reduce the theoretical cross sections [25] [26] [27] . A realistic description of the form factors should incorporate the meson wave functions and the dynamics of the scattering process. Without a derivation of these form factors, one encounters considerable uncertainty, as experimental data on these reaction processes are unavailable. The form factors introduced in [25] [26] [27] lead to changes of the theoretical cross section at high energies by several orders of magnitude. The results are sensitive both to the assumed coupling strength and to the functional dependence of the form factor. In view of the strong dependence of the theoretical results on the form factor and the coupling constants, a careful determination of these quantities are required in future work.
Although there is no direct experimental measurement of these cross sections to which we can compare our results, the small π+J/ψ and the large π+ψ ′ dissociation cross section at low kinetic energies obtained here appear qualitatively consistent with earlier results in a microscopic model of J/ψ and ψ ′ suppression in O+A and S+U collisions [8, 9] . Hopefully, future Monte Carlo simulations of the dynamics of charmonium in heavy-ion collisions will lead to a more direct comparison. It is interesting to note that dissociation of J/ψ by π and ρ populate different states (for example, π+J/ψ does not lead to DD in our model but ρ+J/ψ does). It may provide a way to separate these processes by studying the relative production of DD, D * D , DD * , and D * D * , if the open charm background can be subtracted. However, the large ratio of initial open charm to J/ψ production in a nucleon-nucleon collision may make this separation very difficult.
In the future it may be useful to carry out detailed simulations of J/ψ absorption in heavy-ion collisions using the cross sections obtained here. If our cross sections do prove to be reasonably accurate, it will clearly be useful to incorporate them in simulations of hadron processes in relativistic heavy-ion collisions that use the J/ψ suppression as a signature of the quark-gluon plasma, in order to isolate the effects of J/ψ suppression due to its interaction with hadron matter. where Φ(2p) and φ n (2p) are normalized according to Eqs. (32) and (30), dp |Φ(2p)| 2 = dp |φ n (2p)| 2 = 1.
The coefficients {a n } for each meson in an N=6 basis, with a different β for each meson, are listed in the following 
